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Rotational Dynamics and Oscillatory Motion Chapter: 1

Rotational Motion:

The motion of a rigid body which takes place in such a way that all of its particles move in circles about
an axis with a common angular velocity. For example;

I The fixed speed of rotation of the Earth about its axis.

ii. The varying speed of rotation of the flywheel of a sewing machine.

iii. The rotation of a satellite about a planet

Rotation of Rigid Bodies:
We shall analyze the motion of systems of particles and rigid bodies that are undergoing translational and
rotational motion. A rigid body is said to be in translational motion if each particle of the body has same
linear displacement in the equal interval of time. For example; when a bus is moving, then the passengers
and the bus itself are in translational motion.
A rigid body is said to be in rotational motion about a give axis if each particle of the body has same
angular displacement in the equal interval of time. In rotational motion, the different particles of the rigid
body have same angular velocity but different linear velocities. For examples, the motion of a wheel of
moving bus about its axle is rotational motion.
Moment of Inertia (Rotational Inertia)
The inertia of a body in rotational motion is called moment of inertia. The inability of a body to change
its state of rest or uniform motion by itself is called inertia. A body rotating about an axis has a tendency
to be rotating even if a stopping torque is applied to it. Such a property of a rotating body is called
rotational inertia or moment of inertia. For example; a rotating fan doesn’t stop immediately even if the
switch is put off due to rotational inertia.

Let us consider, a body of mass m is rotating about an axis passing
through a point O which is at a distance r from the particle as shown
in fig. If F be the force applied on the particle, then,

F=ma Where a is the tangential acceleration of the particle.
Also, a=ra Where, a is the angular acceleration of the particle.
Now, torque on the particle due to this force F is
T=rXF=rXma=rXm(ra)
st=MmrYa .o @) Fig: Moment of inertia
For a linear motion, we have
Force = linear inertia (mass) x linear acceleration
For a rotational motion, we have
Torque = Rotational inertia (moment of inertia) X angular acceleration

ST ... Q. Q. (i)
Fromeq" (i) & eq" (ii), we get
l=mr? ... (iii)

Hence, the moment of inertia | of a particle about an axis is measured as the product of its mass and square
of its distance from the axis of rotation. In Sl unit, | is measured in Kgm? & CGS unit, it is expressed in
gmcm?. The dimensional formula of I is I= MxL? = [ML2T?].
Moment of Inertia Consists of n Particles of a Rigid Body
Let us consider, a rigid body having a mass M is rotating about an axis with constant angular velocity w.
A rigid body consists of n particles of masses m1, my,.....mn which are at perpendicular distances ry, rz,
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..... rn respectively. Then the moment of inertia of these n particles about the axis axis are given by I; =
myr, I, = myrZ, ... ... I, = m,r;? respectively.

We know that, the moment of inertia | of the rigid
body is equal to the sum of moments of inertia of
these all the particles.
I=L+1y et 1,

I =mrf +myrf ... +m,, ;2
o1 =Xy mrf

Where, m; is the mass of i particle of the body

Fig: Moment of inertia of a rigid body which is at a distance ri..
Torque or Moment of Force
Torque is a measure of how much a force acting on an object causes v
that object to rotate. It is denoted by 7. mathematically the torque is A F

define as,
Torque = Forcex perpendicular distance of the force from the axis
of rotation.

where, Torque is a vector quantity, its SI unit is Newton meter (Nm).
It can be expressed as vector form is, Fig: Torque

The direction of 7 is perpendicular to the plane containing 7 and F.The torque may be clockwise or anti
clockwise direction. Its dimensional formula is, 7 = rF = L X MLT 2 = [ML?*T ~?]

Eq" (ii) can be written as, £ = 7 X F = rFsinff ........... (iii)

Where, 6 be angle between 7, A and F.

When 6 = 0°, then eq"(iii) becomes, When 6 = 90°, then eq"(iii) becomes,
T = Frsin0=0 for minimum T = Frsin90 = Fr for maximum

Angular Momentum
The angular momentum of a rigid object is defined as the product of the momentum of inertia and the
angular velocity. It is denoted by L. A rotating body possesses angular momentum. It is measured as the
product of the linear momentum of a body and the perpendicular distance between the body and the axis
of rotation.

Let us consider, a body having a mass m is revolving around a circle Y

of radius r with speed v about an axis passing through the center O. L \JA P =mV
Then, angular momentum of the body is,

L= linear momentum of a body x the perpendicular distance
between the body and the axis of rotation.

i.e. L=Pr o -
or, L=mvr ......... (1) where P=mv O o

if, w be the angular velocity of the body, thenv =r w Fig Eiiilfmhmg around
L=m(r w)r

L=mr’w ........ (ii)
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EQ" (i) and eq" (ii) are the expression for the angular momentum. The SI unit of angular momentum is
Kgm?s™. The dimensional formula is [ML2T™]. It is the vector quantity. Which can be expressed as

L=7PSinOf .................... (iif)
Where 6 is the angle between 7 and P. 7 be unit vector along the direction of L. The direction of L is

perpendicular to both # and P.

The magnitude of angular momentum is, L=Psing ...(iv)

From eq"(iv) if 8 = 0°

i.e. L=0 for minimum i.e there is no rotational effect on the body

From eq"(iv) if 8 = 90°

L= rP for maximum i.e. there is maximum rotational effect on the body

Conservation of Angular Momentum:

It states that ‘if no external torque acts on a system, then total angular momentum of the system remains
conserved.’ i.e. lw=Constant ...... (1)

Where, | is the moment of inertia of a body about a given axis of rotation and w Is its angular velocity.
Proof: Mathematically the torque is define as,

Torque = Forcex perpendicular distance of the force from the axis of rotation.

ie.t=Fr..... (ii)

Where, Torque is a vector quantity, its SI unit is Newton meter (Nm).

It can be expressed as vector form is,

2=7xF or,?zfxz—f where, P=mV

T=7x or, T =~ (¥ x mV) where, L= X mV
dt dt
¢ dl
Tt
. . o dL
Therefore, the torque acting ona bodyis T = PTORTITIR (iii)

If external torque acting is zero. i.e. T= 0

dL =0 Integrating [ dL= constant

L = Constant ......... (iv)

From eq"(i) and eq"(iv),

l w=L

This is a principle of conservation of angular momentum.
Rotational Kinetic Energy:

Let us consider, a rigid body having a mass M is rotating about an
axis with constant angular velocityw. A rigid body consists of n
particles of masses mi, mo___.mn which are at perpendicular
distances ry, ra, .....rn respectively. All of these n particles have same
angular velocity w but different linear velocities.

Let. Their respective linear velocities be V1, Va2, .....Va. then, V] =

rnow, V, =now....... IV, = r,w. The rotational kinetic energy of _
particle my is, Fig: Moment of mertia of a rigid body
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E, = gmlvf = %ml(rlw)z = %mlrfa)z

Similarly, the rotational K.E. of particles of masses mz ms............ mp

E, = %mzrzzwz, E; = %mgrgzwz ........... E, = %mnr,fwz respectively.

The rotational K.E. of a rigid body is equal to the sum of K.E. of the particles of the body.
EtOt =E1+E2 +"' ......... En

Eror = %mlrfwz +%m2r22w2+%m3r32w2 ........... “myriow
Erfor = % (myrf + myrf+mgrZ. ... myr;’
Eror = % X mr?) w?

Etor =% I w? where, 1= mr?

Simple Harmonic Motion

Periodic Motion: Any motion which repeats itself after regular interval of time is called periodic or
harmonic motion. Motion of hands of a clock, motion of earth around the sun, motion of the needle of a
sewing machine are the examples of periodic motion.

Oscillatory Motion: If a particles repeats its motion after a regular time interval about a fixed point
motion is said to be oscillatory or vibratory, i.e. oscillatory motion is a constrained periodic motion
between precisely fixed limits Motion of Piston in an automobile engine, motion of balance wheel of a
watch are the examples oscillatory motion.

Time period: Time taken in one complete oscillation is called time period Or, Time after which motion
is repeated is called time period.

Frequency: Frequency is the number of oscillations completed by oscillating body in unit time interval.
Its SI unit is Hertz.

Simple Harmonic Motion (SHM):
A simple harmonic motion is defined as an oscillatory motion about a fixed point in which the restoring

force is always directly proportional to the displacement from that point and is always directed towards
that point.

Let the force be F and the displacement of the string from the equilibrium position be x. then,

F < x

OnF=—-Kx....... (1) where k is a proportionality constant.

The negative sign indicated that the restoring force F is develop opposite to the displacement from the
mean position.

From Newton’s second law of motion, F=ma .......... (i1)

Where, m be mass of particle and a=acceleration

Fromeq"(i) and eq" (ii), ma = —kx

a= — %x .......... (iii) Where k and m are constant

LA —X
Above eq" shows that the acceleration in simple harmonic motion is always directly proportional to the
displacement from the mean position and negative sign indicated that it is always directed towards the
mean position.

Characteristics of Simple Harmonic Motion (SHM):

The simple harmonic motion has various characteristics. Some of them are described below;
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1. Displacement: The distance travelled by the vibrating particle at any instant of time t from its
mean position is known as displacement. When the particle is at P, the displacement of the particle
along Y axis is y as shown in figure. In AOPM

sin9=Z—IZ=% T aL---
y = rsinf P :
~y = rsinwt where = wt ........... (i) 8 :
The amplitude of the vibrating particle is defined E O R T2 3;’74 T - 1
as its maximum displacement from the mean § T4
position. Similarly, In AOPN %
cosO = Z—I: = % Q_a “““““““““
X =r1rcosf . x=rcoswt ............ (1)
2. Amplitude: from eq" (i) becomes, y = rsinf Ifyis maximum then sinf = 1
“ VYmax =T

Maximum displacement of the particle from the mean position is called amplitude.

3. Velocity: The velocity in simple harmonic motion at an instant is defined as the rate of change of

displacement at that instant. V' = Z—jt’ = % (rsinwt) where y = rsinwt

V =rwcoswt ............ (111) am

V =rwVvl — sin?wt \ /
SV =wfri—yZ (iv) £ o T2_374

eq" (iii) and eq" (iv) are the eq" for velocity in simple harmonic b T
motion.

At mean position 0; . y = 0and . V = rw (maximum value)

At extreme position Y; . y = rand -~ ¥V = 0 (minimum value)

So, a particle in simple harmonic motion has maximum velocity at mean position and minimum velocity
at the extreme position.

4. Acceleration: The rate of change of velocity is called acceleration.
_av 3 d(rwcoswt)

—t f

Velocity —=

-aw

This is the eq" for the acceleration in simple
harmonic motion

=— — T T e T Sy—
a= rw% (coswt) = rw(—sinwt)w e
(=
a = —w?(rsinwt) }3 o T/4 TI2 s
fa=—wiy o (v) K =
3
s
<

-

o ———

]
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At mean position 0; -~y =0 and .. a = 0 (minimum value)
At extreme position Y; ~y =rand . a = -r’w (maximum value)
So, a particle in simple harmonic motion has zero acceleration at mean position and maximum acceleration
at the extreme position.
5. Time Period (T): the time taken by the particle to complete one oscillation is called time period
in simple harmonic motion. The magnitude of acceleration in simple harmonic motion is given by;

2 displ t .
a=w2yor,wz=30r,a)=\/E or,—”=\/éor,T=27r\/z .'.T=27r/m .......... (vi)
y y T y a acceleration

6. Frequency; The number of oscillations made in one second is called frequency in simple harmonic
motion. In T seconds, the particle makes 1 oscillation. In 1 seconds, the particle makes %

. . _ 1 . _ 1 _ 1 /displacement .
oscillation. Frequency = P — s f = =5 /—amlemtm .............. (vii)

7. Wavelength( & );

The linear distance travelled by the particle in one oscillation is called wavelength of the particle executing
simple harmonic motion. If T be the time period of oscillation and v be the velocity. A =VT.

8. Phase; The phase of the particle executing simple harmonic motion at any instance gives the
position and direction of motion of the particle with respect to its mean position. It is measured in
terms of fraction of time period T, the fraction angle is 2. Then, .. y = rsin(wt + @,).

Quantity (wt + @,) in above equation is known as phase of the motion and the constant @, is known as
initial phase i.e. phase at time t=0, or phase constant. @ be position from where the time was taken.
Let, (wt + @,)be denoted by @.

2

D=wt+0Q, or,d—0,= wt, So,phasechangeintimeTis, @ — 0, = wt = (?) T

Y Q- @0 =27

This shows that the phase change in T seconds will be 27 radian which actually means no change in phase.
9. Graphical representation of displacement, velocity and acceleration in simple harmonic

motion; We have the equations of displacement y, velocity v and acceleration a, in simple
harmonic motion are;

E

o

y = rsinwt = rsm( )T UV = rwcoswt = s

2 1
TWCOS (—n) t and 3 _/I\

T < W L]

2 2 . 2 . 2T —>
a=—w‘y = —wrsinwt = —w*rsin (—) t

A T h h

respectively,

At,t=0,y=0,v=rw and a=0 T
At t=Ly=rv=0anda=—w?r
4 (9] —
\I/E —:
T s’
O‘\j/

" Graphical representation

Displacement
€] | -

I\J|»—|

Velocity
[

At, t:Z,y:O v=-rwanda=0

ra
)
J

At t=2 ,y— r,v=0and a=w?r
At,t—T,y O,v=rwanda=0
Graphic\l  representation of displacement,

velocity and acceleration in simple harmonic
motion.

Acceleration

—0 —
|o|n—|
oY
.
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Oscillation of spring:

Let us suppose the spring S with negligible mass which is attached to a wall and the other end to an object
of mass m. The spring S with an object are laid on a horizontal table. If the mass is pulled slightly to
extend spring and then released, the system vibrates with simple harmonic motion. The center of
oscillation O is the position of mass at the end of the string corresponding to it natural length, i.e. when
the spring is neither extended nor compressed.

& ,1__= :0 o Let L be the extension of the spring and F be the
m— restoring force set up in the spring. Then from
‘\[\I\I\I\I\[\r“ﬂ Hook’s Law. i.e. FxlL
O F= —KL.......... (1)
I ~§— F Where K is known as spring constant. Negative

sign shows that the restoring force acts opposite
to the displacement of the mass.

%

¥ 1> ' If a is the acceleration produced in the mass, then
S F—= : wehave F=ma....... (if)
_W s ! Therefore, from eq"(i) and eq"(ii), we have
LYY — : ma= —KL of, a= —— L............ (111)
1
Fig: Horizontal os aﬁgofmaSS-Spn'ng system a=—w’l...... (iv) where w? = % is a constant.
m

This shows that the acceleration is directly proportional to the displacement and is directed towards the
mean position. Hence, the motion of a horizontal mass-spring system is simple harmonic motion.
Expression for time period, T

Comparing eq"(iii) and eq"(iv), we get

w? = % Where w be angular velocity. If T is time period of oscillation, then

- (K i - —2r =1
w—\/; [ie. w =2nf = ; Wheref—T]

2T \/; 2T
w==—"= [= where,w =—
T m T

~T= 271\/% ...... (v)

Which is the required expression for the time period of oscillation depends upon the mass attached to the
spring.

Energy of oscillation Body:

Kinetic Energy (Ek)

2
Kinetic energy of the particle with velocity v is given by E;, = %mvz = %m(,/w(r2 —yz)) where,
v=w(r? —y?)
E, = %m(wzr2 —y3) ... ()
Potential Energy (Ep):
Suppose a particle of mass m is executing simple harmonic motion. (SHM) with amplitude r and angular
velocity v. if y is the displacement, then acceleration is, a = —w?y

The restoring force F on the particle is, F = ma
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or,F = ma = —mw?y = —ky, Where, nw? = k, aconstant. If a particle is displaced further by a small

displacement dy against the force, then work done, dw = —Fdy = —(—ky)dy = kydy

Therefore total work done to displace the particle from mean position to the position of displacement y is,

w=["Fdy = [* kyd =k[y—2]y=1k
o ay =), kyay )

The work done on the particle will remain in the form of potential energy. Thus,
1,2 1 2.2

EP=Eky "'EP=E(U}’

2

Total energy of the particle at any points is,

E=Ep+Ec OLE=-w?y?+-w?(r?—y?) OrE=_w?

oW E =2mn?f?r?

Here, m,v and r are constant, the total energy remains constant for a particle executing simple harmonic
motion.

Special Cases:

Case I: At mean position, y=0 Case Il: At extreme position, y=r:
w E = imwz(r2 —y?) Y o %ma)z(r2 —y?)
E, = %mwz(r2 -0) E, = %mwz(rz —1r?)
E, = %mwzr2 E, = %mwzoz
And, Ep = %ma)zy2 E,=0
_1 2.,2
E, = w202 And, E, = S mwsy
2 _1 2,.2
Er=0 Ep = Smwr
» At mean position, potential energy is zero » So, KE. is zero and P.E. is maximum at
and kinetic energy is maximum. So, total extreme position. So, total energy is in the
energy of the particle executing simple form of P.E. at extreme position of a simple
harmonic motion at mean position is in the harmonic motion.

form of kinetic energy.
The variation of K.E., P.E. and total energy as a function of displacement as shown in fig.

Energy
>

Total energy

f \\_ __.-" l"‘-‘.
< / e et Ny
- 0 +r
The vanation of kinetic energy and potential
energy as a function of posttion in SHM
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